We theoretically investigate a non-magnetic impurity effect on the temperature dependence of the vortex core shrinkage (Kramer-Pesch effect) in a single-band s-wave superconductor. The Born limit and the unitary limit scattering are compared within the framework of the quasiclassical theory of superconductivity. We find that the impurity effect inside a vortex core in the unitary limit is weaker than in the Born one when a system is in the moderately clean regime, which results in a stronger core shrinkage in the unitary limit than in the Born one.
Introduction
The radius of a vortex core in type-II superconductors is one of the fundamental physical quantities which characterize a property of superconductivity. The temperature and magnetic field dependence of the core radius has been investigated theoretically and experimentally [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] . The low-temperature vortex core shrinkage, called the Kramer-Pesch (KP) effect [1] , was theoretically investigated under the influence of non-magnetic impurities in the Born limit previously [2] . Impurity effects are characterized by the scattering phase shift related to the impurity potential strength [20] [21] [22] [23] . The Born limit corresponds to the limit of weak impurity potential and correspondingly small phase shift. The opposite limit is called the unitary limit, where the impurity potential is infinitely strong and the phase shift is π/2. The difference between these limits plays an important role in, for example, unconventional superconductors [20] [21] [22] .
In this paper, we theoretically study the KP effect both in the Born and the unitary limit in an s-wave superconductor, and compare their results. It is found that the temperature dependence of the core shrinkage is stronger in the unitary limit than in the Born one, in the moderately clean regime where the mean free path is of the order of or larger than the coherence length. Such a difference of the core shrinkage can be investigated experimentally by, e.g., muon spin rotation [3, 5, 6] , scanning tunneling microscopy [24] , resistivity [4] , and specific heat [11, 25] if there is a suitable superconducting material in which different types and densities of impurities can be doped.
Formulation
We consider a single vortex in a single-band swave superconductor. The system is assumed to be an isotropic two-dimensional conduction layer perpendicular to the vorticity along the z axis. In a circular coordinate system within the layer, the realspace position is r = (r cos φ, r sin φ). The unit vec- tork represents the sense of the wave number on a Fermi surface assumed to be circular. The Fermi velocity is v F = v Fk . The pair potential around the vortex is ∆(r) = ∆(r, φ) = |∆(r)| exp(iφ). We will consider the temperature T dependence of the length ξ 1 that characterizes the vortex core radius [1] [2] [3] ,
This quantity is depicted in Fig. 1 . Note that ξ 1 is related to the pair potential slope at the vortex center and scales with the distance at which the vortex current reaches its maximum value [1, 3, 6, 11] , while |∆(r)| is restored at a distance of the order of the coherence length (≫ ξ 1 in the clean limit) even at low temperatures [11, 26] .
To obtain ξ 1 (T ), the vortex core structure is calculated by means of the quasiclassical theory of superconductivity as in Ref. [2] . The Eilenberger equation is numerically solved to obtain the quasiclassical Green's functionĝ(iω n , r,k). The effect of impurities distributed randomly in the system is taken into account through the impurity self energŷ Σ(iω n , r,k). The quasiclassical Green's function, the impurity self energy, and the Eilenberger equation to be solved are, respectively, given as [2, [27] [28] [29] [30] [31] 
The equation is supplemented by the normalization conditionĝ 2 = −π 2τ 0 [29, 32] . Here,τ 3 is the z component of the Pauli matrix,τ 0 is the unit matrix, 
We consider an isolated single vortex in an extreme type-II superconductor (Ginzburg-Landau parameter κ ≫ 1), and therefore the vector potential is neglected in Eq. (3). Throughout the paper, we use units in which = k B = 1. The Eilenberger equation (3) can be solved by the Riccati parametrization [33] [34] [35] . The quasiclassical Green's function is expressed aŝ
Here, sgn(ω n ) is the signum (or sign) function. The two quantities a(iω n , r,k) and b(iω n , r,k) are independently determined by solving the Riccati equations, 
Born unitary These differential equations are solved along a straight line parallel to v F [33, 36, 37] by using the bulk solutions as initial values [33, 38] ,
and
A stable numerical solution for a (b) is obtained by solving the Riccati equation in forward (backward) direction along the straight line for ω n > 0 [33, 39] .
By contrast, the equation for a (b) is solved in backward (forward) direction for ω n < 0. Considering an s-wave non-magnetic impurity scattering and the t-matrix,Σ is given by [2, 27, 40] 
where C = g 2 + f f † with · · · being the average over the Fermi surface with respect tok. The impurity scattering rate in the normal state is Γ n , which is related to the mean free path l = v F /2Γ n . The scattering phase shift is δ 0 . We set δ 0 = 0 in the Born limit (keeping Γ n finite) and δ 0 = π/2 in the unitary limit.
The self-consistency equation for ∆, called the gap equation, is given as
where ω c is the cutoff energy and the coupling constant λ is given by
Here, T c is the superconducting critical temperature. We set ω c = 10∆ 0 with ∆ 0 being the BCS pair-potential amplitude at zero temperature. The Eilenberger (Riccati) equation, the impurity self energy, and the gap equation are numerically solved self-consistently. The used boundary conditions for the pair potential and impurity self energy far from the vortex are the same as those discussed in Ref. [2] . See the Appendix for more details on the calculation procedure. In the next section, we will show results obtained from self-consistent solutions. We define the zero-temperature coherence length ξ 0 = v F /∆ 0 .
Result and Discussion
We show numerical results for the pair potential ∆(r) in Fig. 2 , which are obtained under the influence of impurity scattering in the unitary limit. Similar results are obtained in the Born limit (not shown). The vortex core radius ξ 1 is related to the slope of ∆(r) at the vortex center r = 0 according to Eq. (1) (see also Fig. 1 ). As seen in Fig. 2 , the slope increases with decreasing the temperature T . The slope becomes smaller with increasing the scattering ω n =πT 3πT 5πT 279πT rate Γ n at the low temperature T /T c = 0.1, which indicates the suppression of the vortex core shrinkage due to the impurity scattering. We investigate the impurity effect on the vortex core radius below.
The temperature dependence of the vortex core radius ξ 1 [Eq. (1)] is shown in Fig. 3(a) . ξ 1 (T ) is plotted for the scattering rate Γ n /∆ 0 = 0.1 and 1 in the Born and unitary limits. The KP effect means ξ 1 ∝ T and ξ 1 → 0 in T → 0 [1] . The suppression of the KP effect, namely the weakened vortex core shrinkage due to impurities, is seen in Fig. 3(a) . That is, with increasing the scattering rate Γ n , the slope of ξ 1 (T ) becomes small and the intercept value of ξ 1 in the limit T → 0 becomes large. Exceptionally, the plot for Γ n /∆ 0 = 0.1 in the unitary limit seems to exhibit a rather strong KP effect. To see it in more detail, in Fig. 3(b) we plot the dependence of ω n =πT 3πT 5πT 279πT 0.02, which is the lowest temperature in Fig. 3(a) . The difference between the Born and unitary limits is clearly seen in the moderately clean regime (l ≥ ξ 0 ≫ l∆ 0 /ε F , namely ∆ 0 /2ε F ≪ Γ n /∆ 0 ≤ 0.5; ε F is the Fermi energy). This result suggests that inside a vortex core the impurity effect is less effective in the unitary limit than in the Born one when the system is neither dirty nor too much clean.
As a clue to the difference between the Born and unitary limits, in Figs. 4 and 5 we show the impurity self energies Σ d and Σ 12 as functions of the distance r from the vortex center. Here, we plot ImΣ d and ReΣ 12 [41] for, as representatives, several energies ω n = πT (2n + 1) (n = 0, 1, 2) and ω 139 = 279πT ≃ ω c at T /T c = 0.02. The scattering rate is set Γ n /∆ 0 = 0.1 in common. We notice that the impurity self energies are enhanced in the vicinity of the vortex center for small |ω n | in the Born limit, but not in the unitary one.
Then, let us investigate the relation between the behavior of the self energies and the impurity effect. Impurity effects are ineffective under the condition that the impurity self energies Σ d and −Σ 12 are proportional to iω n and ∆, respectively, with a common proportionality constant [20, 42] . It is the socalled Anderson's theorem [43] . Here, we introduce a dimensionless quantity that measures the degree of the deviation from the above condition:
We show δ A in Fig. 6 , where Γ n are set the same between the Born and unitary limits. Indeed, δ A is zero far away from the vortex center, where Anderson's theorem is satisfied. In contrast, δ A becomes finite inside the vortex core. It is clearly seen that δ A is prominently large near the vortex center in the Born limit, compared with the unitary-limit case. This result indicates that the impurity effect inside the vortex core is weaker in the unitary limit than in the Born one, resulting in the weaker suppression of the KP effect in the unitary limit (Fig. 3 ).
Conclusion
We studied the non-magnetic impurity effect on the low-T vortex core shrinkage in the s-wave superconductor. We found that in the moderately clean regime, the suppression of the core shrinkage is weaker in the unitary limit than in the Born one. It is attributed to the difference in the impurity self energy between the Born and unitary limits. However, it is difficult to intuitively understand the reason why the difference appears. Instead, we introduced the indicator δ A to estimate the efficiency of the impurity effect. From the analysis of δ A , it was elucidated that the impurity effect inside the swave vortex core is stronger in the Born limit than in the unitary one in the moderately clean regime at low temperatures [44] .
Appendix
Here, we briefly explain the calculation procedure on the single vortex. Our starting point is the Eilenberger equation (3) with the impurity self energy and the impurity-averaged Green's function (refer to Refs. [29] [30] [31] [32] for its derivation). It has been used to investigate spatially inhomogeneous systems such as vortices [2, [17] [18] [19] 27, 28, 31, 45] . The Eilenberger ω n =πT 3πT 5πT 279πT equation is transformed to the Riccati equations (7) and (8) (see Refs. [33, 35] for the details). The Eilenberger equation corresponds to three coupled differential equations [46] , and therefore it is not so easy to solve. It is easier to solve the Riccati equations, which are two decoupled differential equations. Stable solutions are easily obtained when solving the Riccati equations numerically [39] .
The Eilenberger and the Riccati equation contain the differential operator in the form v F · ∇, which is treated as follows. Consider the orthogonal coordinate system r = xx + yȳ +zz withz parallel to a rectilinear vortex line. (x,ȳ,z are orthogonal unit vectors.) Here, the vortex center is situated on the z axis. We express the Fermi velocity as v F = v Fk = v F (cos φ k sin θ kx + sin φ k sin θ kȳ + cos θ kz ). Because of the translational symmetry along the vortex line, one can omit the z dependence. Thus,
, where v F⊥ is the Fermi velocity projected onto the xy plane normal to the vortex line. When the Fermi surface is a cylinder with central axis parallel to the z axis ( the vortex line), the angle θ k is set to π/2. It is convenient to introduce a new orthogonal coordinate system where one of the axes is parallel to v F⊥ . Using such coordinates (s, t), r = xx + yȳ = ss + tt withs v F⊥ . The variable t is called the impact parameter. Eventually, v F · ∇ = v F sin θ k (∂/∂s) in the equations to be solved. One can obtain the quasiclassical Green's function at a position r 0 = x 0x + y 0ȳ = s 0s + t 0t by solving the first-order differential equations along a straight line parallel to the s axis with fixing t = t 0 . Thek dependence is obtained by solving the equations in the same way for each different directions and polar angle θ k . Note thats is a function of the azimuth angle φ k ofk.
A single vortex is characterized by the pair potential ∆(r) = |∆(r)| exp(iφ) in the case of an s-wave superconductor. Because of the rotational symmetry around the vortex line, the dependence on the real-space azimuth angle φ is factored out as f =f exp(iφ),
a =ā exp(iφ), and b =b exp(−iφ), where the quantities with "bar" are independent of φ. Therefore, the task is to determine the radial r dependence.
In numerical calculations, the pair potential and the impurity self energies are represented by their values at discrete points on the radial line. The values between those positions are calculated by linear interpolation. It is necessary to take dense point spacing near the vortex center because the values have rapid spatial variations there, while sparse points are sufficient far from a vortex. In consideration of it, we take non-equally-spaced discrete points r i represented by r i =r exp(R i ) − 1 with equally-spaced discrete points R i in dimension-less space. In the present study, we setr = 10 −3 ξ 0 and take 41 points from the vortex center to the cutoff distance r c = 10ξ 0 . In the outside region r > r c , we set |∆(r > r c )| = |∆(r = r c )|,Σ 12 (r > r c ) = Σ 12 (r = r c ),Σ 21 (r > r c ) =Σ 21 (r = r c ), and Σ d (r > r c ) =Σ d (r = r c ) [2] .
The equations are numerically solved iteratively until the self consistency is attained as δQ < 2 × 10 −3 , where δQ = max i Q new (r i ) − Q old (r i ) / Q new (r i ) and Q stands for the pair potential and the self energies. The larger the scattering rate Γ n is, the slower the convergence becomes, especially in the unitary limit. Therefore, we use an acceleration method [47] for updating the pair potential and the self energies at each iterative step.
